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Abstract—In this paper, the event-triggered semiglobal
consensus problem is investigated for general linear multi-
agent systems subjected to input saturation, by utiliz-
ing the algebraic Riccati equation-based low-gain feed-
back technique. Two scenarios for systems with or with-
out updating delays are considered, and fully distributed
event-triggered control schemes are proposed to guaran-
tee the semiglobal consensus of the connected systems,
in which each agent is asymptotically null controllable with
bounded controls. Strictly positive lower bounds for both
the sampling intervals and the updating delays are cap-
tured for each agent to eliminate the Zeno behaviors in these
two event-triggered processes. Finally, the effectiveness of
these event-triggered control schemes are verified by sim-
ulations.

Index Terms—Consensus, distributed algorithm, event-
triggered technique, input saturation, low-gain feedback
technique.

I. INTRODUCTION

DUE to its wide applications and great potentials in trans-
port systems, distributed power generation, distributed

wireless communication networks and so on, coordinated con-
trol for multi-agent systems has received increasing attention
recently [1]–[6]. One of the important task for multi-agent sys-
tems is consensus, which aims at guiding all the agent states to
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reach a common value through interactions of every agent with
its neighboring agents. As shown in the pioneering works [1],
[3], the second smallest eigenvalue of the graph Laplacian ma-
trix associated with multi-agent systems plays a key role in their
coordinated control. To date, consensus of systems with vari-
ous features has been widely studied, including systems with
fixed [7] or switching topologies [1], [2], [6], systems without
[7] or with time delays [4], [5], [8], systems without [1], [7] or
with leader(s) [2], [6], etc. In the above-mentioned works, each
agent needs to gather information to update its control signal
continuously. However, in reality, it is difficult and impracti-
cal to sample and transfer the information continuously due
to the unreliability of information channels, limitation of the
agents’ sensor abilities, restrictions on energy resources, etc.
Taking these into consideration, a periodic sampled-data setting
was introduced in [9]–[12], where periodic sampled-data-based
consensus of multi-agent systems on both undirected topology
[9] and directed topology [9]–[12] were discussed, respectively.
In periodic sampled-data control, all agents sample and update
information with the same fixed sampling period, which is pre-
specified in advance, ignoring the current information of each
agent in the process.

Unlike the periodic sampled-data control, event-triggered
control does not need to sample and update new information
until the prespecified performance is about to lose or a pre-
defined event has been triggered. This kind of discontinuous
communication strategy can save energy and reduce the us-
ages/damage of the devices, and has extensive applications in
industrial production and daily life, such as the event-triggered
smart home temperature control system [13]. Recently, this
strategy has been explored and gained more and more atten-
tion [14]–[20]. The event-triggered technique was first used in a
single linear system [14] and then extended to multi-agent sys-
tems [15]–[19], ranging from integrator-typed systems [15] to
general linear systems [16]–[19] and even nonlinear ones [21].
The event-triggered consensus of systems with linear dynamics
is performed on the basis of an underlying assumption that all
agents can move freely during the process towards consensus,
which is clearly impractical in many real applications.

Input saturation, in the other hand, means that the magnitude
of the control input is limited in a bounded region and cannot
be arbitrarily large. This kind of saturation nonlinearity usu-
ally induce instability or even deteriorates the performances of
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control systems [22]. For example, the explosion of the Soviet
Chernobyl Unit 4 nuclear power plant in 1986 and the crash
of warcraft YF-22 in the U.S. Air Force at Edwards Air Force
Base in 1992 were both caused by input saturation in princi-
ple. In view of such important impact of input saturation, many
efforts had been devoted to coordinated control of multi-agent
systems subject to input saturation by utilizing continuous-time
data (see [7], [23]–[27]). Besides, there is some attention on to
the event-triggered semiglobal synchronization of discrete-time
linear systems [28] and the event-triggered global stabilization
of neutrally stable linear systems [29]. However, in these in-
vestigations, all synchronous triggering instants of each agent
are dependent on the Laplacian matrix and the event-triggered
control schemes are not fully distributed. This issue inspires
us to revisit the problem of fully distributed event-triggered
semiglobal consensus of multi-agent systems with input satura-
tion, which is precisely the objective of the present paper.

In multi-agent systems, each agent samples the relative in-
formation between itself and its neighbors via its on-board
sensor, and then the acquired information is updated to its ac-
tuator. However, in real engineering, updating delay commonly
exists between the sampling of the sensor and the updating
of the actuator, especially for systems with the event-triggered
control strategy. Because the reduction of information exchange
among agents in event-triggered control systems are much more
sensitive to time delays [17]. Thus, systems with updating de-
lays are considered in this paper. For systems with updating
delays, it means that there is a time lag between the infor-
mation sampling and the information updating. For these sys-
tems, distributed event-triggered conditions are derived for both
the updating process and sampling process so as to guarantee
semiglobal consensus of such systems with input saturation and
updating delay. Moreover, rigorous theoretical analysis shows
that Zeno behaviors in both information sampling process and
information updating process can be avoided. The significance
and contributions of this paper are three-fold. First, the de-
signed event-triggered controllers are fully distributed, which
only rely on the number of agents but not on the eigenvalues
of the Laplacian matrix. Second, the designed event-triggered
controllers are asynchronous and mutually independent [18],
differing from [28] and [29], where all agents are triggered
at the same instants and all the triggered instants are deter-
mined by the states of all agents. Third, semiglobal consen-
sus of systems without or with updating delays are analyzed,
respectively.

II. MODEL DESCRIPTION AND PROBLEM STATEMENT

A. Notations

Throughout this paper,R andRn×m are the set of real number
and the set of n × m real matrices, respectively. AT is the
transposed matrix of matrix A. For square matrix Q, Q � (�)0
means that Q is a positive definite (semipositive) matrix, and
λi(Q) is the ith eigenvalue of Q. In is an n-dimensional identity
matrix, while 0n is an n-dimensional matrix with all entries
being 0. diag{b1 , b2 , . . . , bN } is a block diagonal matrix, in

which bi are its diagonal blocks and the off-diagonal matrices
are zero. ⊗ is the Kronecker product.

B. Model Description

Consider a linear multi-agent system of N agents. Every agent
moves in an n-dimensional Euclidean space and updates itself
according to the following dynamics:

ẋi(t) = Axi(t) + BsatΔ(ui(t)) (1)

where A ∈ Rn×n , B ∈ Rn×m , xi ∈ Rn×1 is the state of
agent i, and ui ∈ Rm×1 is its control input. satΔ(ui) =
[satΔ(ui1), . . . , satΔ(uim )]T is the saturation function induced
by the physical devices of the system and for all j = 1, 2, . . . , n,
satΔ(uij ) = sign(uij )min{|uij |,Δ} with an input saturation
threshold Δ > 0. Moreover, system (1) satisfies the following
assumption.

Assumption 1: [22] The pair (A,B) is asymptotically null
controllable with bounded control (ANCBC) in the sense that:

1) all eigenvalues of A are in the closed left-half s-plane;
and

2) the pair (A,B) is stabilizable.
Lemma 1: [22] Under Assumption 1, for any ε ∈ (0, 1], there

exists a unique matrix P (ε) � 0, which solves the following
algebraic Riccati equation (ARE):

AT P (ε) + P (ε)A − P (ε)BBT P (ε) + εIn = 0n .

Moreover, limε→0 P (ε) = 0n .
Let the triple (V , E, G) denote the unweighted and undi-

rected graph G associating with the multi-agent system (1), in
which V = {1, 2, . . . , N} and E = {(i, j)| if there is an edge
between i and j} are the node set and the edge set of graph
G, respectively, and G =

(
gij

) ∈ Rn×n is the adjacency ma-
trix with gij = gji = 1 if (i, j) ∈ E, otherwise gij = gji = 0.
Its Laplacian matrix is L = D − G, where D is the degree
matrix with the ith diagonal element being

∑
j �=i gij . The

set of all neighbors of agent i is called the neighboring set
denoted as N(i) = {j|(i, j) ∈ E}. Denote the eigenvalues of
L by 0 = λ1(L) ≤ λ2(L) ≤ · · · ≤ λN (L). As shown in [30],
λ2(L) > 0 if G is connected, and λ2(L) > 0 is called the alge-
braic connectivity of graph G. About λ2(L) properties, which
will be used in the following analyses are provided by the fol-
lowing lemmas.

Lemma 2: [31] For any given connected undirected graph G
of N nodes, the eigenvalues of its Laplacian matrix, 0 = λ1 <
λ2 ≤ λ3 ≤ · · · ≤ λN , increase monotonically with the number
of added edges, that is, for any added edge e, λi(G + e) ≥
λi(G), i = 1, 2, . . . , N .

Lemma 3: [32] For an unweighted and undirected connected
graph G with Laplacian matrix L ∈ RN ×N , its algebraic con-
nectivity λ2(L) satisfies λ2(L) ≥ 4

diam (G)N , where diam (G)
is the diameter of the graph.

Proposition 1: For an unweighted and undirected connected
graph G with Laplacian matrix L ∈ RN ×N , its algebraic con-
nectivity λ2(L) satisfies λ2(L) ≥ 4

(N −1)N .
Proof: For an unweighted and undirected connected graph

G of N nodes, there are at least N − 1 edges, and this kind
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of graph G is a chain with N nodes, C. Denote the Laplacian
matrix of C as Lmin . By Lemma 1, one has λ2(L) ≥ λ2(Lmin).
Furthermore, Lemma 3 implies that diam (C) ≤ N − 1. Thus,
λ2(L) ≥ λ2(Lmin) ≥ 4

(N −1)N . �

C. Problem Statement

This paper aims at solving the semiglobal consensus prob-
lem of multi-agent systems subject to input saturation by using
event-triggered sampled data at each sampling instant. For a
family of agents equipped with microprocessors (sensors and
actuators), in which sensors are engaged in sampling informa-
tion to update the actuators, time delay between the sampling
action and the updating action cannot be avoided in practical en-
gineering. Hereinafter, this kind of time delay is called update
delay. Additionally, systems with event-triggered communica-
tion, which is a typical discontinuous communication style, are
more sensitive to time delays. Therefore, beyond the existing lit-
erature on coordinated control of multi-agent systems, such as
[16], [18] and some references therein, the update delay is taken
into consideration in this paper. Specifically, for agent i, its input
control ui is computed by two monotone increasing sequences
of time instants: 1) the sampling instant sequences {tik}∞k=1 ;
and 2) the updating instant sequences {ri

k}∞k=1 . The sampling
instant tik denotes the kth sampling instant of the control ui ,
while ri

k signifies the kth updating instant. Let T i
k = tik+1 − tik

and Di
k = ri

k − tik be the kth sampling interval and updating
delay, respectively. Then, ui holds as constants ui(tik−1) for
t ∈ [tik , ri

k ) and ui(t) = u(tik ) for t ∈ [ri
k , tik+1), but it samples

and updates information at the triggering instants of the updating
event and the sampling event, respectively.

Here, the semiglobal consensus problem of multi-agent sys-
tems with input saturation is described as follows.

Definition 1: [23] For any a priori given bounded set χ ∈
Rn , the system with dynamics (1) achieves semiglobal consen-
sus, if starting from any xi(0) ∈ χ

lim
t→∞‖xi(t) − xj (t)‖ = 0, i, j = 1, 2, . . . , N.

To solve this problem, one has to design a fully distributed
control algorithm according to the following three steps:

Step 1: Solving the parameterized ARE

AT P (ε) + P (ε)A − 4
(N − 1)N

× P (ε)BBT P (ε) + εIn = 0n (2)

with ε ∈ (0, 1].
Step 2: Construct control input ui(t) for system (1)

ui(t)=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∑

j∈N (i)
gijB

T P (ε)
[
xj (tik−1) − xi(tik−1)

]
,

t ∈ [tik , ri
k )

∑

j∈N (i)
gijB

T P (ε)
[
xj (tik ) − xi(tik )

]
,

t ∈ [ri
k , tik+1) (3)

where P (ε) ∈ Rn×n is the solution of ARE (2).

Step 3: Determine the event-triggered updating se-
quences {ri

0 , r
i
1 , r

i
2 , . . .} and sampling sequences

{ti0 , ti1 , ti2 , . . .} for agent i, i = 1, 2, . . . , N .

III. EVENT-TRIGGERED CONSENSUS OF MULTI-AGENT

SYSTEMS WITHOUT UPDATING DELAYS

In this section, the consensus of multi-agent systems subject
to input saturation without updating delays is considered, that
is, in (3) ri

k = tik . Then, for t ∈ [tik , tik+1), each agent updates
itself according to the following equation:

ẋi(t) = Axi(t)

+ BsatΔ

⎛

⎝−
∑

j∈N (i)

gijB
T P (ε)

[
xi(tik−1) − xj (tik−1)

]
⎞

⎠ .

(4)

Define

x(t) = [xT
1 (t), xT

2 (t), . . . , xT
N (t)]T

ei(t) = xi(t) − xi(tik ), ei
j (t) = xj (t) − xj (tik )

wi(t) =
∑

j∈N (i)

gijB
T P (ε)[xi(t) − xj (t)]

mi(t) =
∑

j∈N (i)

gijB
T P (ε)[ei(t) − ei

j (t)] = wi(t) − wi(tik )

αi
k = ‖A‖‖wi(tik )‖

+
∥
∥
∥
∥

∑

j∈N (i)

gijB
T P (ε)B

[
ui(tik ) − uj (tik )

]
∥
∥
∥
∥.

(5)
Theorem 1: Consider an undirected connected multi-agent

system consisting of N agents where each agent follows the
linear dynamics (4). Suppose that Assumption 1 holds. Then,
the event-triggered sampling function

tik+1 = sup
{

t

∣
∣
∣
∣2‖mi(t)‖2 − 1

2
‖wi(t)‖2 − γe−θt < 0

}
(6)

can guarantee the semiglobal consensus for θ ≤ 2‖A‖, ti0 =
0, i = 1, . . . , N . Moreover, the common state of all agents is
1
N [11×N ⊗ exp{At}] x(0) with x(0) being the initial state of
x(t).

Proof: Define a Lyapunov function as

V (t) =
1
2

N∑

i=1

∑

j∈N (i)

gij [xi(t) − xj (t)]
T P (ε) [xi(t) − xj (t)]

= xT (t) [L ⊗ P (ε)] x(t). (7)

�
Due to the existence of the bounded set χ and the facts that

xi(0) ∈ χ, i = 1, . . . , N , and limε→0 P (ε) = 0n , for any given
constant c > 0, there exists an ε� ∈ (0, 1], such that

c ≥ sup
ε∈(0,1],xi (0)∈χ,i=1,...,N

V (0). (8)
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Let LV (c) = {V ≤ c}. Similarly, there exists an ε∗ ∈ (0, ε�],
such that, for all ε ∈ (0, ε∗]

‖ui(t)‖∞ ≤ Δ, i = 1, . . . , N. (9)

That is, there must exist an ε∗ ∈ (0, 1] to dominate the nonlin-
earity induced by the input saturation and satΔ (ui(t)) becomes
ui(t). Then, (4) becomes

ẋi(t) = Axi(t) + Bui

(
tik
)
, t ∈ [tik , tik+1). (10)

Now, the derivative of V along with (10) yields

V̇ (t) = ẋT (t) [L ⊗ P (ε)] x(t) + xT (t) [L ⊗ P (ε)] ẋ(t)

= xT (t)
[
L ⊗ (AT P (ε) + P (ε)A)

]
x(t)

− 2
N∑

i=1

wT
i (t) [wi(t) − mi(t)] .

The symmetry of L leads to

wT
i (t)wi(t) =

N∑

i=1

∥
∥
∥
∥
∥
∥

N∑

j=1

Lijx
j (t)

∥
∥
∥
∥
∥
∥

2

=
[
xT (t)LT

]
[Lx(t)] = xT (t)

(
L2 ⊗ In

)
x(t).

Thus, with (6), one has

V̇ (t) = xT (t)
[
L ⊗ (AT P (ε) + P (ε)A)

− 2L2 ⊗ (P (ε)BBT P (ε))
]
x(t) + 2

N∑

i=1

wT
i (t)mi(t)

≤ xT (t)
[
L ⊗ (AT P (ε) + P (ε)A)

− L2 ⊗ (P (ε)BBT P (ε))
]

× x(t) +
N∑

i=1

[
2 ‖mi(t)‖2 − 1

2
‖wi(t)‖2

]

≤ xT (t)
[
L ⊗ (AT P (ε) + P (ε)A)

− L2 ⊗ (P (ε)BBT P (ε))
]
x(t) + Nγe−θt .

The precondition that G is connected implies that
there exists an orthogonal matrix U =

(
α1N ×1 S

) ∈
RN ×N with S ∈ RN ×(N −1) , such that L = UΛUT with
Λ = diag{0, λ2(L), . . . , λN (L)} := diag{0, λ2 , . . . , λN } with
λi(L) > 0(i = 2, 3, . . . , N). Let x(t) =

(
UT ⊗ In

)
x(t). Then

x1(0) = α [11×N ⊗ In ] x(0) (11)

and

V̇ (t) ≤ xT (t)
[
Λ ⊗ (AT P (ε) + P (ε)A)

− Λ2 ⊗ (P (ε)BBT P (ε))
]
x(t) + Nγe−θt

=
N∑

i=2

λi xi(t)
[
AT P (ε) + P (ε)A)

− λi P (ε)BBT P (ε)
]
xi(t) + Nγe−θt .

With the help of Proposition 1, one can obtain

V̇ (t) ≤
N∑

i=2

λixi(t)

[

AT P (ε) + P (ε)A)

− 4
(N − 1)N

P (ε)BBT P (ε)

]

xi(t) + Nγe−θt

≤ − ε
N∑

i=2

λix
T
i (t)xi(t) + Nγe−θt .

(12)

Since

−ε

N∑

i=2

λix
T
i (t)xi(t) = − εxT (t) [Λ ⊗ In ] x(t)

= − εxT (t) [L ⊗ In ] x(t)

≤ − ε

λmax(P (ε))
V (t)

(13)

one can obtain that V̇ (t) ≤ − ε
λm a x (P (ε)) V (t) + Nγe−θt . Let

� = ε
λm a x (P (ε)) , by Comparison Lemma, one further has

V (t) ≤ V (0)e−�t +
Nγ

θ − �

[
e−�t − e−θt

]
(14)

which implies that V (t) → 0 as t → ∞. Recalling (10), one can
get that limt→∞ ‖xi(t) − xj (t)‖ = 0, i, j = 1, 2, . . . , N, i.e.,
the semiglobal consensus of system (1) can be achieved. The
final state of all agents is now derived.

It follows from (12) that as t → ∞, V̇ (t) = 0 if and only if
xi(t) = 0 for i = 2, 3, . . . , N . Therefore,

lim
t→∞x(t) = (U ⊗ In ) lim

t→∞ x̄(t) = (U ⊗ In )

⎛

⎜
⎜
⎜
⎜
⎜
⎝

limt→∞ x̄1(t)

0
...

0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

Then, one has

lim
t→∞xi(t) = α lim

t→∞x1(t), i = 1, 2, . . . , N.

On the other hand, one can obtain that limt→∞ ẋ1(t) = Ax1(t),
which further implies that

lim
t→∞x1(t) = exp{At}x1(0). (15)

The fact that UT U = UUT = IN implies that α = 1√
N

.

Substituting (11) to (15) yields limt→∞ x1(t) = 1√
N

[11×N ⊗
exp{At}]x(0). Consequently

lim
t→∞xi(t) =

1√
N

lim
t→∞x1(t)

=
1
N

[11×N ⊗ exp{At}] x(0), i = 1, . . . , N. (16)
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Remark 1: It follows from (14) that

V (t)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

≤
[
V (0) +

Nγ

θ − �

]
e−�t if θ > �

= V (0)e−θt if θ = �

≤
[
V (0) +

Nγ

� − θ

]
e−θt if θ < �

which implies that the convergent speed is influenced by ε
and θ. Particularly, it is determined by the smaller one of
� = ε

λm a x (P (ε)) and θ.
In the follows, it is to prove that the event-triggered function

(6) can avoid the Zeno behavior of the sampling process for
every agent.

Theorem 2: Consider an undirected connected multi-agent
system consisting of N agents, where each agent follows the
linear dynamics (4). Suppose that Assumption 1 holds. If
θ ≤ 2‖A‖ and ti0 = 0, i = 1, 2, . . . , N , then the event-triggered
instants tik (k ≥ 1) defined by the event-triggered sampling func-
tion (6) excludes the Zeno behavior for every agent. That is,
tik+1 − tik ≥ Ť i

k with Ť i
k > 0, i = 1, 2, . . . , N .

Proof: Since

1
2
‖wi(t)‖2 =

1
2

∥
∥mi(t) + wi(tik )

∥
∥2 ≤ ‖mi(t)‖2 +

∥
∥wi(tik )

∥
∥2

one has

‖mi(t)‖2 ≤ ∥
∥wi(tik )

∥
∥2 + γe−θt . (17)

�
This is a sufficient condition for the event-triggered function

(6). Therefore, the satisfaction of (17) can ensure the establish-
ment of (6). In addition, one has

d

dt
‖mi(t)‖ ≤ ‖mT

i (t)‖
‖mi(t)‖ ‖ṁi(t)‖ = ‖ṁi(t)‖ = ‖ẇi(t)‖

≤ ‖A‖‖wi(t)‖ +
∥
∥
∥
∥

∑

j∈N (i)

gijB
T P (ε)B

[
ui(tik ) − uj (tik )

]
∥
∥
∥
∥

≤ ‖A‖‖mi(t)‖ + αi
k .

Notice that d
dt ‖mi(t)‖ denotes the right-hand derivative of

‖mi(t)‖ when t = tik . Taking into consideration that the ini-
tial value of ‖mi(t)‖ in [tik , tik+1) is

∥
∥mi(tik )

∥
∥ = 0, one obtains

that

‖mi(t)‖ ≤ αi
k

‖A‖
[
e‖A‖(t−ti

k ) − 1
]
. (18)

It follows from (17) and (18) that

∥
∥mi(tik+1)

∥
∥ =

√∥
∥wi(tik )

∥
∥2 + γe−θti

k + 1

≤ αi
k

‖A‖
[
e‖A‖(ti

k + 1 −ti
k ) − 1

]
. (19)

From (19), it follows that

αi
k

‖A‖e‖A‖(ti
k + 1 −ti

k ) − αi
k

‖A‖ ≥ √
γe−

θ
2 ti

k + 1 > 0. (20)

If limk→∞ tik = t∗ < ∞, then by (20), it follows that

0 <
√

γe−
θ
2 ti

k + 1 ≤ 0. This contradiction implies that
limk→∞ tik = ∞. In addition, recalling (12), one has
limk→∞

∥
∥xi(tik ) − xj (tik )

∥
∥ = 0, which further implies

that for k ≥ 1

αi
k > 0, lim

k→∞
αi

k = 0. (21)

Multiplying both sides of (20) with e‖A‖(ti
k + 1 −ti

k ) yields αi
k

‖A‖
e2‖A‖(ti

k + 1 −ti
k )− αi

k

‖A‖e
‖A‖(ti

k + 1 −ti
k ) ≥√

γe[‖A‖− θ
2 ]ti

k + 1 −‖A‖ti
k . Si-

nce θ ≤ 2‖A‖, one has αi
k

‖A‖e
2‖A‖(ti

k + 1 −ti
k )− αi

k

‖A‖e
‖A‖(ti

k + 1 −ti
k ) ≥

√
γe−‖A‖ti

k , which further demonstrates that

tik+1 − tik ≥ Ť i
k =

1
‖A‖ ln

{
1
2

+
1
2

[
1 + 4

‖A‖
αi

k

√
γe−‖A‖ti

k

] 1
2

}

.

(22)

Equation (21) shows that the right side of (22) is significant and

Ť i
k =

1
‖A‖ ln

{
1
2

+
1
2

[
1 + 4

‖A‖
αi

k

√
γe−‖A‖ti

k

] 1
2

}

> 0.

It also shows that the smaller the αi
k , the larger the Ť i

k .
Remark 2: Differing from [28] and [29], which focused on

semiglobal coordinated control of discrete-time multi-agent sys-
tems with input saturation, this paper studies continuous-time
systems. Though all the analyses are on the basis of event-
triggered control schemes, there exist remarkable differences
between [28], [29] and Theorems 1 and 2 in this paper. In [28]
and[29], all agents were required to sample information of itself
and its neighbors at the same instant, while in Theorem 1, each
agent samples information according to its own clock, which is
irrelative with the sampling instant sequences of the others. Be-
sides, the heterogeneous minimum sampling interval is derived
here for each agent to reduce the number of the event-triggering
checking and information sampling.

IV. EVENT-TRIGGERED CONSENSUS OF MULTI-AGENT

SYSTEMS WITH UPDATING DELAYS

In this section, consensus of multi-agent systems with input
saturation and updating delays is addressed by designing low-
gain controllers.

First, define

Ei(t) = xi(t) − xi(tik−1), E
i
j (t) = xj (t) − xj (tik−1)

Mi(t) =
∑

j∈N (i)

gijB
T P (ε)[Ei(t) − Ei

j (t)]

= wi(t) − wi(tik−1)

βi
k = ‖A‖∥∥wi

(
tik−1

)∥∥

+

∥
∥
∥
∥
∥
∥

∑

j∈N (i)

gijB
T P (ε)B

[
ui

(
tik−1

)− uj

(
tik−1

)]
∥
∥
∥
∥
∥
∥

.

Theorem 3: Consider a connected undirected multi-agent
system consisting of N agents, where each agent follows the
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linear dynamics (1) with input control (3). Suppose that As-
sumption 1 holds. Then, the event-triggered updating function

ri
k = sup

{

t

∣
∣
∣
∣

[
2‖Mi(t)‖2 − 1

2
‖wi(t)‖2 − γe−θt < 0

]}

(23)
and event-triggered sampling function

tik+1 = sup

{

t

∣
∣
∣
∣

[
2‖mi(t)‖2 − 1

2
‖wi(t)‖2 − γe−θt < 0

]}

(24)

together can guarantee the achievement of semiglobal consen-
sus for θ ≤ ‖A‖ and ti0 = ri

0 = 0, i = 1, 2, . . . , N). Moreover,
limt→∞ xi(t) = 1

N [11×N ⊗ exp{At}] x(0), i = 1, 2, . . . , N ,
with x(0) being the initial state of x(t).

Proof: Define a Lyapunov function

V = xT (t) [L ⊗ P (ε)] x(t).

�
Being similar to the analysis in Theorem 1, for any c > 0

and x ∈ LV (c) = {V (x) ≤ c}, there exists an ε∗ ∈ (0, 1], such
that, for ε ∈ (0, ε∗], ‖ui(t)‖∞ ≤ Δ, i = 1, . . . , N . That is, the
input saturation does not occur and satΔ(ui(t)) is linear in ui(t).
Thus, system (1) with control input (3) becomes

ẋi(t) =

⎧
⎨

⎩

Axi(t) + Bui

(
tik−1

)
, t ∈ [tik , ri

k )

Axi(t) + Bui

(
tik
)
, t ∈ [ri

k , tik+1).
(25)

For t ∈ [tik , ri
k ), similarly to the analysis in Theorem 1, under

(23), one has

V̇ (t) ≤ xT (t)
[
L ⊗ (AT P (ε) + P (ε)A)

− L2 ⊗ (P (ε)BBT P (ε))
]
x(t) + Nγe−θt

≤ − ε
N∑

i=2

λi x̄
T
i (t)x̄i(t) + Nγe−θt . (26)

Similarly, for t ∈ [ri
k , tik+1), under event-triggered sampling

function (24), one has

V̇ (t) ≤ −ε
N∑

i=2

λi x̄
T
i (t)x̄i(t) + Nγe−θt .

Similarly to the proof of Theorem 1, it follows that
limt→∞ xi(t) = 1

N [11×N ⊗ exp{At}] x(0), i = 1, 2, . . . , N .
Theorem 4: Under Assumption 1, consider a connected

undirected multi-agent system consisting of N agents, in which
each agent follows the linear dynamics (1) with input control (3).
For θ ≤ ‖A‖ and ti0 = ri

0 = 0, i = 1, 2, . . . , N , the updating
sequences

{
ri
1 , r

i
3 , . . .

}
and sampling sequences

{
ti1 , t

i
3 , . . .

}

steered by event-triggered functions (23) and (24), respectively,
satisfy tik ≤ ri

k ≤ tik+1 . Furthermore, the Zeno behaviors in the
updating process and the sampling process both can be excluded.
That is, there exist D̆i

k > 0 and ϕi
k > 0, such that ri

k − tik ≥ D̆i
k

and tik+1 − ri
k ≥ ϕi

k .
Proof: Since ti0 = ri

0 = 0, i = 1, 2, . . . , N , one can deter-
mine ti1 at first. For t ∈ [r0 , t

i
1), it follows from the proof of

Theorem 2 that d
dt ‖mi(t)‖ ≤ ‖A‖‖mi(t)‖ + αi

0 , which further

implies that ‖mi(t)‖ ≤ αi
0

‖A‖
[
eAt − 1

]
, with

αi
0 = ‖A‖‖wi(t0)‖ +

∥
∥
∥
∥
∥
∥

∑

j∈N (i)

gijB
TP (ε)B [ui(t0) − uj (t0)]

∥
∥
∥
∥
∥
∥

.

(27)
�

Furthermore, ‖mi(t)‖2 ≤ ‖wi(tk )‖2 + γe−θt is a sufficient
condition for (24) in Theorem 3, which further implies that

∥
∥mi(ti1)

∥
∥2 ≤ ‖wi(t0)‖2 + γe−θti

1 ≤
(

αi
0

‖A‖
[
eAti

1 − 1
])2

.

Then, one has

αi
0

‖A‖
[
eAti

1 − 1
]
≥ √

γe−
θ
2 ti

1 . (28)

Multiplying both sides of (24) with e‖A‖ti
1 yields [e2Ati

1 −
eAti

1 ] − ‖A‖
αi

0

√
γe(‖A‖− θ

2 )ti
1 ≥ 0. Thus, one can get that ti1 −

t0 ≥ T̆ i
0 with

T̆ i
0 =

1
‖A‖ ln

{
1
2

+
1
2

[
1 + 4

‖A‖
αi

0

√
γ

] 1
2

}

> 0. (29)

Hereinafter, results in Theorem 4 with k ≥ 1 will be proved
in detail. As stated in the proof of Theorem 2, one has

d

dt
‖Mi(t)‖ ≤ ‖ẇi(t)‖ ≤ ‖A‖‖Mi(t)‖ + βi

k , t ∈ [tik , ri
k )
(30)

with initial value
∥
∥Mi(tik )

∥
∥ =

∥
∥wi(tik ) − wi(tik−1)

∥
∥. Thus, for

t ∈ [tik , ri
k ), a special solution of (30) is obtained as

‖Mi(t)‖ ≤ ∥
∥Mi(tik )

∥
∥ e‖A‖(t−ti

k ) +
βi

k

‖A‖
[
e‖A‖(t−ti

k ) − 1
]
.

(31)
On the other hand, ‖Mi(t)‖2 ≤ ‖wi(tik−1)‖2 + γe−θt is a suf-
ficient condition for (23) to guarantee the semiglobal consensus
of system (1) with control input (3). Thus, one has

∥
∥Mi(tik )

∥
∥2 ≤ ∥

∥wi(tik−1)
∥
∥2 + γe−θti

k (32)

and
∥
∥Mi(ri

k )
∥
∥2 =

∥
∥wi(tik−1)

∥
∥2 + γe−θr i

k . (33)

Consequently, it follows from (31) and (33) that
√∥
∥wi(tik−1)

∥
∥2 + γe−θr i

k

≤ ∥
∥Mi(tik )

∥
∥ e‖A‖(r i

k −ti
k ) +

βi
k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]
. (34)

Furthermore, if ri
k < tik , then it follows from (34) that∥

∥wi(tik−1)
∥
∥2 ≤ ∥

∥Mi(tik )
∥
∥2

, which lines up with (32). Thus,
ri
k − tik ≥ 0.

In the following, it is to prove that the Zeno behavior in
the updating process can be avoided. For (34), if ‖Mi(ri

k )‖ =
‖wi(ri

k ) − wi(tik )‖ = 0, then one can get

βi
k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]
≥ √

γe−
θ
2 r i

k . (35)
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Since α0 ≤ ‖A‖, multiplying both sides of (35) with e‖A‖(r i
k −ti

k )

yields β i
k

‖A‖ [e
2‖A‖(r i

k −ti
k ) − e‖A‖(r i

k −ti
k ) ] ≥ √

γe−‖A‖ti
k . Simi-

larly to the analysis in Section III, one can get ri
k − tik ≥ D̆i

k

with

D̆i
k =

1
‖A‖ ln

{
1
2

+
1
2

[
1 +

4‖A‖√γ

βi
k

e−‖A‖ti
k

] 1
2
}

> 0.

(36)
Apparently, the result ri

k − tik ≥ D̆i
k with D̆i

k in (36) con-
tradicts the presupposition of ‖Mi(tik )‖ = 0. Consequently,
‖Mi(tik )‖ > 0 for all k ≥ 1.

The result of ri
k − tik ≥ 0 yields e‖A‖(r i

k −ti
k ) − 1 ≥ 0, which

further leads to

∥
∥Mi(tik )

∥
∥ e‖A‖(r i

k −ti
k ) +

βi
k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]

≥ 2
{∥
∥Mi(tik )

∥
∥ e‖A‖(r i

k −ti
k ) βi

k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]} 1
2

implying that

2
{∥
∥Mi(tik )

∥
∥ e‖A‖(r i

k −ti
k ) βi

k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]} 1
2

≥
√∥
∥wi(tik−1)

∥
∥2 + γe−θr i

k (37)

altogether can establish (34). Furthermore, (37) leads to

βi
k

‖A‖
[
e‖A‖(r i

k −ti
k ) − 1

]
≥ γ

4‖Mi(tik )‖e−θr i
k −‖A‖(r i

k −ti
k ) . (38)

On the basis of θ ≤ ‖A‖, multiplying both sides of (38) with
e2‖A‖(r i

k −ti
k ) gives

e2‖A‖(r i
k −ti

k )
[
e‖A‖(r i

k −ti
k ) − 1

]
≥ γ0

4‖Mi(tik )‖
‖A‖
βi

k

e−‖A‖ti
k .

(39)
The fact that e2‖A‖(r i

k −ti
k ) ≥ 1 implies that

e‖A‖(r i
k −ti

k ) − 1 ≥ γ

4‖Mi(tik )‖
‖A‖
βi

k

e−‖A‖ti
k (40)

which is a sufficient condition for (39). In addition, the facts
that ‖Mi(tik )‖ > 0 together with βi

k > 0 and limk→∞ βi
k = 0

highlight the significance of (40). Moreover, (40) shows that
ri
k − tik ≥ D̆i

k with

D̆i
k =

1
‖A‖ ln

{
1 +

γ

‖Mi(tik )‖
‖A‖
βi

k

e−‖A‖ti
k

}
> 0. (41)

The result of ri
k − tik ≥ D̆i

k with D̆i
k in (41) once again repro-

duces ‖Mi(tik )‖ > 0 for k > 1.
Step 2: For t ∈ [ri

k , tik+1), similarly to the settlement in
Theorem 1, one can get that under the precondition (24)

V̇ ≤ −ε
N∑

i=2

λi x̄
T
i (t)x̄i(t) + Nγe−θt .

Fig. 1. Topology of the multi-agent system.

In addition, solving

d

dt
‖mi(t)‖ ≤ ‖ẇi(t)‖ ≤ ‖A‖‖mi(t)‖ + αi

k , t ∈ [ri
k , tik+1)

(42)
with initial value

∥
∥mi(ri

k )
∥
∥ =

∥
∥wi(ri

k ) − wi(tik )
∥
∥, one obtains

‖mi(t)‖ ≤ ∥
∥mi(ri

k )
∥
∥ e‖A‖(t−r i

k ) +
αi

k

‖A‖
[
e‖A‖(t−r i

k ) − 1
]
.

(43)
Like the analysis in Step 1, one has tik+1 − ri

k ≥ 0 and tik+1 −
ri
k ≥ ϕi

k with

ϕi
k =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
‖A‖ ln

{
1
2

+
1
2

[
1 + 4

‖A‖
αi

0

√
γ

] 1
2

}

> 0, k = 0

1
‖A‖ ln

{
1 +

γ

‖mi(ri
k )‖

‖A‖
αi

k

e−‖A‖r i
k

}
, k ≥ 1.

(44)
Remark 3: For agent i, the parameters αi

k and βi
k refer to

uj (tik ) and uj (tik−1), respectively, which are related to the in-
formation of the second-order neighbors. The event-triggered
conditions given in both Theorems 1 and 4 are fully distributed,
which indeed only for each agent to use the local information of
its neighbors and itself. The introduction of αi

k and βi
k is merely

for explaining the avoidance of the Zeno behaviors.

V. SIMULATION EXAMPLES

The results of this paper can be applied to engineering prac-
tice, such as the measurement of the indoor temperature by a
multisensor system, the cooperative operations in industry by
multirobot systems, and exploration by multiple intelligent de-
tectors. In this section, two engineering examples, the lead-acid
battery model presented in [33] and the identical harmonic os-
cillators, are introduced to verify the effectiveness of the event-
triggered consensus algorithms provided in Sections III and IV,
respectively. A connected system of N = 8 agents, with the in-
teraction topology shown in Fig. 1, is considered. By Lemma 1,
one has λ2(L) ≥ 1

14 . By ARE (2) with 4
(N −1)N = 1

14 , one can
get the low-gain matrix P (ε). In all the following simulations,
the saturation level is chosen as Δ = 2 and c = 5.

Example 1: In a lead-acid battery, let Ik be the current flow-
ing in one of the resistors Rk (the actual k depends on the
particular model considered), and Qe and θ̃ be the extracted
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Fig. 2. Equivalent electric network used for the third-order battery
model [33].

charge and the electrolyte temperature, respectively. As shown
in [33], the equivalent electric network of the lead-acid battery
model is described by Fig. 2 and the other symbols in Fig. 2 are
defined in [33]. In electrolysis industry, multiple intelligent de-
tectors are introduced to test the corresponding indicators so as
to control the total industry process, which can be described by
a “multi-agent system.” In this multi-agent system, the ith agent
represents the ith detector and its three detector states are de-
noted by xi = [xi1 , xi2 , xi3 ]T , (i = 1, 2, . . . , N) with xi1 = I1 ,
xi2 = Qe , xi3 = θ̃, and x = [x1 , x2 , . . . , xN ]T . Then, the dy-
namics of the ith detector is described as

ẋi(t) = Axi(t) + BsatΔ (ui)

where

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

− 1
R1C1

0 0

0 0 0

0 0 − 1
Rθ̃Cθ̃

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, B =

⎛

⎜
⎜
⎜
⎜
⎝

1
R1C1

−1

1

⎞

⎟
⎟
⎟
⎟
⎠

(45)

and Cθ̃ is the battery thermal capacitance, Rθ̃ is thermal resis-
tance between the battery and its environment. It is straight-
forward to verify that the system satisfies Assumption 1. Here,
select R1C1 = 5, Rθ̃Cθ̃ = 2. The initial states of each detec-
tor is randomly selected from a bounded region χ = [−3, 3] ×
[−3, 3] × [−3, 3]. Choose γ = 5, θ = 0.25. For c = 5 defined
in (8), one has ε = 0.0018.

Fig. 3 shows some simulations to verify the theoretical results.
Fig. 3(a) and (b) shows the state convergence and control input
of the multi-agent system with topology in Fig. 1 under protocol
(4). What is more, the state marked by “∗” in red is the common
state 1

N [11×N ⊗ exp{At}] x(0). Fig. 3(c) shows the variations
of tik+1 − tik for i = 5, 6 on [0, 10]. The four subfigures illus-
trate the effectiveness of Theorems 1 and 2. Furthermore, the
simulations on the verification of the event-triggered semiglobal
consensus of the multi-agent system with updating delay on in-
teraction topology (1) are given in Fig. 4. Similarly, one can get
ε∗ = 0.0022 = ε. And Fig. 4(a)–(d) illustrates the effectiveness
of Theorems 3 and 4.

Example 2: Consider a multi-agent system with communi-
cation topology described by Fig. 1, where all agents are an
identical harmonic oscillators with system matrices as

A =

(
0 1
−ξ 0

)

, B =

(
0
1

)

(46)

Fig. 3. Event-triggered semiglobal consensus of the multi-agent sys-
tem with topology shown in Fig. 1 for Example 1. (a) State convergence
under (4). (b) Control input in (4). (c) tik+1 − tik (i = 5, 6).

Fig. 4. Event-triggered semiglobal consensus of the multi-agent sys-
tem with topology shown in Fig. 1 for Example 1. (a) State conver-
gence under (25). (b) Control input in (25). (c) ri

k+1 − ri
k (i = 1, 2). (d)

tik+1 − tik (i = 1, 2).
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Fig. 5. Event-triggered semiglobal consensus of the multi-agent sys-
tem with topology shown in Fig. 1 for Example 2. (a) State convergence
under (4). (b) Control input in (4). (c) tik+1 − tik (i = 5, 6).

Fig. 6. Event-triggered semiglobal consensus of the multi-agent sys-
tem with topology shown in Fig. 1 for Example 2. (a) State conver-
gence under (25). (b) Control input in (25). (c) ri

k+1 − ri
k (i = 1, 2). (d)

tik+1 − tik (i = 1, 2).

where ξ > 0. Obviously, this system satisfies Assumption 1.
Choose ξ = 1 together with γ = 5 and θ = 1

2 ‖A‖ = 0.5.
For xi(0) chosen randomly from χ = [−3, 3] × [−3, 3] to-

gether with Δ = 2 and c = 5, to establish (8) and (9), one can
set ε∗ = 0.0004 and here choose ε = ε∗ = 0.0004. Fig. 5(a) and
(b) displays the state convergence and the control input of each
agent, respectively, for the multi-agent system with input satu-
ration under protocol (4). It shows that all agents can approach
a common state and the magnitudes of the control inputs of
all agents converge to zero. Fig. 5(c) shows the variations of
tik+1 − tik for i = 5, 6 on [0, 10]. All figures in Fig. 5 verify both
Theorems 1 and 2.

Next, some simulations are given to verify Theorems 3
and 4. Similarly, one can get ε∗ = 0.0015 and here choose
ε = ε∗ = 0.0015. Fig. 6(a)–(d) shows the effectiveness of both
Theorems 3 and 4.

VI. CONCLUSION

In this paper, a fully distributed protocol for the semiglobal
consensus of multi-agent systems had been presented by using
event-triggered sampling information and low-gain feedback
techniques. Two scenarios for such systems with or without
updating delays, respectively, have been discussed. It has been
shown that if each agent samples and updates information by fol-
lowing the established event-triggered conditions, a connected
system with each agent being ANCBCs can achieve semiglobal
consensus exponentially when the parameter ε of the parame-
terized feedback law is selected small enough so as to avoid the
saturation nonlinearity. Future work will focus on the fully dis-
tributed coordinated control of multi-agent systems with virtual
leaders.
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