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Abstract—In this paper, a new scheme based on integral observer
approach is designed for a class of chaotic systems to achieve syn-
chronization. Unlike the proportional observer approach, the pro-
posed scheme is demonstrated to be effective under a noisy envi-
ronment in the transmission channel. Based on the Lyapunov sta-
bility theory, a sufficient condition for synchronization is derived
in the form of a Lyapunov inequality. This Lyapunov inequality is
further transformed into a linear matrix inequality (LMI) form by
using the Schur theorem and some matrix operation techniques,
which can be easily solved by the LMI toolboxes for the design of
suitable control gains. It is demonstrated with the Murali-Laksh-
manan-Chua system that a better noise suppression and a faster
convergence speed can be achieved for chaos synchronization by
using this integral observer scheme, as compared with the tradi-
tional proportional observer approach.

Index Terms—Chaos synchronization, disturbance, integral ob-
server, linear matrix inequality, Lyapunov stability theory.

I. INTRODUCTION

CHAOS synchronization has attracted increasing interests
since the early 1990’s [2]–[6], [8]–[17], playing a key role

in the design of chaotic secure communications [2], [5], [12],
[13]. Observer-based methods have been proposed for chaos
synchronization, and considered to be suitable for engineering
applications, since only one scalar signal is used as the driving
signal transmitted to the receiver [8], [9], [13]–[15].

The most common suggestion is to use the traditional pro-
portional observer-based method. This approach is simple and
convenient for design, yet its performance is susceptible to dis-
turbance or noise since the measurement disturbance or noise
is also unavoidably amplified by the proportional gain [1]. To
improve the noise performance, the integral observer approach
has been recommended, first for linear systems and then being
extended to a class of nonlinear systems. As demonstrated in
[1], a better performance in noise suppression can be obtained
by using the integral observer as compared with the traditional
proportional observer approach.
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Similar deficiency was also found in those algorithms for
chaos synchronization and chaotic secure communications
that were derived from the traditional proportional observer
approach, if disturbance and noise exist in the transmission
channel [12], [13].

In this paper, a new scheme of chaos synchronization is pro-
posed for a class of chaotic systems. By using the integration
of the output signal as the driving signal, and based on a simple
control scheme, some new sufficient conditions are derived
for chaos synchronization, proved by the Lyapunov stability
theory. To further facilitate the design of system parameters, the
stability criterion is transformed into linear matrix inequality
(LMI) [7], which can be easily verified and solved by existing
LMI numerical toolboxes.

The organization of the paper is as follows: In Section II, the
limitation of the proportional observer approach is summarized.
The new scheme is then derived and explained in detail in
Section III. The effectiveness of noise suppression and the
synchronization performance of two coupled chaotic systems
are well demonstrated with a typical chaotic system in Section
IV. Finally, some concluding remarks are given in Section V.

II. PROPORTIONAL OBSERVER APPROACH AND ITS LIMITATION

Consider a chaotic system described by

(1)

where is the state vector, is the external
input signal, is a scalar output chaotic signal, and is ob-
servable with and is a continuous
nonlinear function satisfying the following Lipschitz condition:

(2)

where denotes the Euclidean norm and is the Lipschitz
constant.

For synchronization purpose, the scalar output, , is to be
sent to the response system through the transmission channel.
Assuming that there exists a bounded disturbance or noise, , in
the channel, we have, in the receiver

(3)

With a traditional proportional observer design, the response
system can be constructed as follows [8], [9], [13], [15]:

(4)

where is the observer gain to be specified.
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Fig. 1. Schematic diagram of the synchronization scheme.

From (1)–(4), the error dynamics is formulated as

(5)

where is the error vector.
From (5), it can be easily observed that the error vector

will not be diminished to zero due to the term with the
existence of the disturbance . Moreover, the disturbance will
be amplified, and the noise performance is further deteriorated
if a large proportional gain is used. That is now considered as
an inherent disadvantage of the traditional proportional observer
design [1].

III. CHAOS SYNCHRONIZATION USING

INTEGRAL OBSERVER

A. New Synchronization Scheme and Criterion

In this paper, a new observer-based scheme is proposed for
chaos synchronization so that the noise performance can be im-
proved.

Defining a new variable so that
, an augmented system can be obtained together

with (1)–(3)

(6)

Let

and

then system (6) can be rewritten as

(7)

where . It can be easily proved that is
observable if is observable.

A response system can be designed as

(8)

where and are the observer
gains to be determined later. The resulting block diagram of the
synchronization scheme is shown in Fig. 1.

From (7) and (8), the error dynamical system is constructed
as

(9)

where .
Let . We have , and

Using a new notation

and

we have

(10)

It is easily verified that is observable if is ob-
servable and

has full rank.
Remark 1: The main idea here is to consider the integral vari-

able as a new output, for designing the
state observer for the augmented system (6) or (7). Comparing
(5) with (10), one can clearly see that the term is indepen-
dent of the feedback gain , implying that a reasonably high
gain can be used such that the stabilizing term prevails over
the perturbation term . Consequently, it will result in a very
small error between the two systems (7) and (8), which will be
made clearer in the following discussions. On the other hand,
the integral term, , which acts as a low-pass filter, can
greatly reduce the effect of high-frequency disturbances con-
tained in the output signal.

Theorem 1: If a suitable feedback gain is selected such
that

(11)

where is a positive definite and symmetric matrix, is the
identity matrix, and is a positive constant, then the error vector
of the error dynamical system (10) will converge to the fol-
lowing small neighborhood of the origin:
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where denotes the minimum
eigenvalue of matrix , and is a small positive constant. Con-
sequently, the coupled systems (7) and (8) can be globally syn-
chronized with only a small bounded error.

Proof: Define a Lyapunov function of the form
. Differentiating along the error dynamical

trajectory (10) and using (2), one obtains

Since , using (11) one
furthermore has

If the error variable does not belong to , namely,
, then we have

Based on the Lyapunov stability theory, the states of the error
dynamical system (10) will converge to a small neighborhood
of the origin, .

Lemma 1: (Schur Complements [7]) For a given symmetric

matrix, , where , and

, the condition is equivalent to

and

Using Lemma 1, condition (11) can be transformed to (12),
shown at the bottom of the page. Let , (12) can be
easily transformed into the following LMI form.

Theorem 2: If suitable matrices and are selected such
that the LMI

(13)

is satisfied, then the errors of system (10) with the feedback gain
will converge to .

Remark 2: The Lyapunov inequality (11) is generally diffi-
cult to solve directly. By transforming (11) into its LMI form
(13) via the Schur complements as shown above, a feasible set
of and can be found by using some existing LMI toolboxes.
Although, to our knowledge, the existence of the solution of an
LMI in a general situation is still a topic for further research,
the LMI (13) can be easily solved numerically if is
observable and the values of and are relatively small.

For simple cases, partial control signal can be
used by assuming . From (8) and (9), the response system
and its corresponding error dynamics are expressed as follows:

(14)

and

(15)

Similar to Theorems 1 and 2, it can be concluded that the error
vector in (15) will converge to the small neighborhood of the
origin, , if a suitable feed-
back gain is selected such that

(16)

where is a positive definite and symmetric matrix, is the
identity matrix, and is a positive constant. Therefore, the cou-
pled systems (7) and (14) are globally synchronized with only
a small bounded error.

The condition (16) can be further transformed into the fol-
lowing LMI condition:

(17)

By selecting suitable matrices and such that (17) is sat-
isfied, the errors of system (15) with the feedback gain

will converge to .

IV. DEMONSTRATION AND SIMULATION RESULTS

The chaotic Murali–Lakshmanan–Chua (MLC) circuit is
considered here as an example to illustrate the above-derived
criterion for chaos synchronization. The MLC circuit [17] can
be expressed as

(18)

where , and is a piecewise
linear function in the form of

(19)

with . From (19), one can easily obtain [3], [4]

(20)

(12)
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where depends on and , and it varies within the
interval for all . Thus, is bounded and

.
From (18), we can obtain

and

Choose , where . Obviously, is ob-
servable.

Referring to (6) and (7), the augmented drive system can be
obtained as

(21)

where

For simplicity, we take as an example. From (14), the
response system can be constructed as

(22)

where .
Subtracting (22) from (21), we get the error dynamical system

(23)

where .
Now, consider

(24)

Since , by choosing
, in which it can be verified that

, we have

(25)

where

Then, (23) can be rewritten as

(26)

where

and

(27)

with .
Remark 3: The aim of the transforms in (25), (26), and (27)

is to increase the flexibility for the design. Since
, the value of can be reduced. Consequently, the pos-

sible value range for the observer gain matrix is increased.
One can easily obtain the following result.
Corollary 1: If two suitable matrices and are selected

such that the following LMI:

(28)

is satisfied, then the errors of system (26) with will
converge to a small neighborhood of the origin, .

LC circuit used are
, and , for which the system ex-

hibits chaotic behavior [17]. By having from (27)
and choosing and , we can easily obtain

from (28) by the use of the
MATLAB LMI toolbox.

To demonstrate the noise suppression of the proposed
scheme, two different situations are tested. Fig. 2 denotes the
case with the disturbance , randomly chosen from a uniform
distribution on the interval , and Fig. 3 is for the case
with the disturbance, randomly chosen from a uniform distri-
bution on the interval (0.5, 1.5). The error signals
and between the drive and response systems
with the use of different schemes are depicted in Figs. 2 and 3,
where “PO,” “Scheme 1” and “Scheme 2” indicate the results
of the traditional proportional observer method, the integral
observers based on (8) and (14), respectively. From Fig. 2, one
can see that the effect of the transmission disturbances on the
chaos synchronization performance has been greatly reduced,
and the convergence speed has been increased when the integral
observer method (Scheme 1 or 2) is used. Moreover, it is more
effective for Scheme 1 if the random disturbance is biased,
which can be clearly reflected in Fig. 3.

It should be pointed out that the effect of transmission noise to
chaos synchronization and secure communication is a common
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Fig. 2. Synchronization for nonbiased random noise case.

Fig. 3. Synchronization for the noise with bias.

concern [13], where a low-pass filter is generally introduced in
order to reduce the effect of transmission noise. However, the
low-pass filter will also affect the chaotic signal and the mes-
sage signal. Therefore, it seems that the approach proposed in
the present paper is more effective in reducing the transmission
noise effects and to achieve a better chaos synchronization per-
formance.

V. CONCLUSION

An integral observer approach has been proposed in the
design of a new chaos synchronization scheme for a class of
chaotic systems. Using the Lyapunov stability theory, a suffi-
cient condition for achieving chaos synchronization has been

established. By transforming the condition into the LMI form,
the control gains can be easily obtained by using existing LMI
toolboxes.

As shown in the derived criterion and the demonstrated ex-
ample, the effect of transmission disturbance on the chaos syn-
chronization errors can be greatly reduced with a rapid conver-
gence speed, and consequently the expected chaos synchroniza-
tion is achieved satisfactorily.

It should be noted that the new scheme and criterion pro-
posed herein are applicable to a fairly large class of chaotic sys-
tems, perhaps with minor modifications, including Chua’s cir-
cuit, Rössler system, Lorenz system, Chen’s system, and so on.
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